This article revisits the classical problem of horizontal and vertical point loads suddenly applied onto the surface of a homogeneous, elastic half-space, and provides a complete set of exact, explicit formulae which are cast in the most compact format and with the simplest possible structure. The formulae given are valid for the full range of Poisson's ratios from 0 to 0.5, and they treat real and complex poles alike, as a result of which a single set of formulae suffices and also exact formulae for dipoles can be given.
Introduction
Lamb's problem deals with the response elicited by a vertical or horizontal point load applied suddenly onto the surface of an elastic half-space. This classical problem harks back to the early twentieth century, when Lamb [1] enunciated this now famous and emblematic problem in seismology.
The first truly complete solutions to Lamb's problem were given by Pekeris [2] and Chao [3] , who provided closed-form expressions for the components of motion elicited by a vertical and a horizontal load, respectively, but only when Poisson's ratio is 1/4. This problem was taken up again by Mooney [4] , who extended the Pekeris solution to any arbitrary Poisson's ratio, but he did so only for the vertical component while ignoring the radial one. Then in 1979, Richards considered this problem once again and gave a complete set of exact formulae for both loading cases and for any Poisson's ratio in a paper that has remained largely unknown within the elastodynamics and wave propagation communities. Part of the reason may have been that Richards only presented the final formulae in the context of a note on spontaneous crack propagation without indicating where their rather complicated derivation could be found. Also, he did not summarize these in his book [5] , perhaps because he judged these to be unimportant. This seems to be corroborated by two comments in his brief article, namely 'these formulas would be only a minor curiosity', and 'Perhaps the main achievement of this paper . . . ', as if he were unsure of their true worth. It is the purpose of this technical note to present a new rendition of Lamb's problem by means of a very compact set of exact formulae for all loading cases and for any Poisson's ratio which are fully equivalent to, but much simpler than Richards'. In a nutshell, the formulae are obtained by casting the equations of motion in the Laplace-radial wavenumber domain (s, k), carrying out an inverse Laplace transform into the time domain by a contour integration based on a generalization of the so-called Bateman-Pekeris theorem, followed by Hankel transforms evaluated with the aid of Mooney's integral together with an expansion of the integrand into partial fractions. Although the formulae herein are listed without proof, their complete derivation can be found in the electronic supplementary material.
The ensuing provides the complete set of formulae in Lamb's problem cast in a consistent, right-handed, upright coordinate system, and which is valid for the full range of Poisson's ratios from 0 to 0.5. We bring about a significant organization and simplification to the formulae by reducing the number as well as the form of the constants involved, and most importantly, by providing expressions which make no distinction between a real or complex root, a feature that provides for a seamless transition into the complex domain and greatly simplifies the task of taking derivatives. This also allows us to provide simple, explicit expressions for a subset of Lamb dipoles.
Notation and definitions
Consider a lower, homogeneous elastic half-space z ≤ 0 onto whose upper surface z = 0 we suddenly apply either an upright vertical or a horizontal-x (tangential) point force of unit intensity which remains constant thereafter. Thus, the force has the time dependence of a step function H(τ ) i.e. a Heaviside function. A right-handed, cylindrical coordinate system r, θ, z with the origin at the location of the force on the surface is used throughout, i.e. the vertical force and vertical displacements are both positive up, while the horizontal force acts in the positive x-direction (i.e. radial direction with θ = 0), see figure 1.
The following symbols are used in the ensuing: r radial distance (range) θ azimuth μ shear modulus Poisson's ratio C R Rayleigh wave velocity C S shear wave velocity C P pressure wave velocity t time a = C S /C P = ratio of S to P wave velocity κ j = C S /C j = three dimensionless solutions to the Rayleigh characteristic equation
In a nutshell, the application of the formulae requires the straightforward task of finding the three roots κ 2 1 , κ 2 2 , κ 2 3 of the rationalized, bi-cubic Rayleigh function
of which the first one is the real, true Rayleigh root and the remaining two are the non-physical roots. At low Poisson's ratio the latter two are real-valued, but they turn complex when Poisson's ratio exceeds the threshold ν > 0.2631. Associated with each of the three roots κ j , where j = 1, 2, 3, we define the three sets of coefficients as follows:
and
These coefficients, which can be real or complex, will be used in the response functions given in §4. Observe that the two indices in i and k in equation (2.2b) are inferred from j by cyclic order. 
Preliminary comment on square root terms in the formulae
As can be seen, the coefficients A j and C j given by equation (2.2) contain square root terms in the three roots of equation (2.1). In a practical implementation of the formulae listed in the ensuing and for the true Rayleigh root κ 1 ≡ γ > 1 and for τ < γ , it might seem preferable to define the real, transformed coefficients
, such that for τ < γ
all of which follow readily from the transformations (note: use of −i instead of +i leads to the same result, because the negative sign cancels out in either the product or division). Although we could indeed express our response functions in terms of a mixed set of coefficientsĀ 1 , A 2 , A 3 andC 1 , C 2 , C 3 , we prefer to use the definitions given by equation (2.2) throughout for the following reasons.
-Fewer constants are needed for the response functions, which allows adding terms via summation signs. This facilitates and simplifies in turn the derivation and presentation of the formulae for the dipoles. -The resulting formulae are then largely independent of the numbering sequence used for the roots, so these could be renumbered according to user preference or programming environment. Also, any leading negative signs, such as the one above, now arise naturally from the formulation itself, which thus avoids ad hoc sign reversals that depend on the numbering sequence. -The same spatio-temporal differentiation rules apply to all roots, see § §8 and 10.
-Most importantly, our formulae are then universal, that is, they are valid no matter what Poisson's ratio may be, and whether or not the false roots are real or appear in complex-conjugate pairs.
Of course, when implementing the formulae into a computer program, users can readily make use of the aforementioned transformations to avoid the complex algebra for the term contributed by the Rayleigh root. Similarly, when the roots appear in complex-conjugate pairs, one could also replace their contribution to a summation by doubling the real part of one of these. However, these are merely implementation issues that will be sidestepped herein and left to the readers to sort out.
Response functions
With reference to figure 1, the response functions are the following (their derivation can be found in the electronic supplementary material):
(a) Vertical displacement owing to vertical load
(4.1) (b) Radial displacement owing to horizontal load (c) Tangential displacement owing to horizontal load
where
In these expressions,
are the complete elliptic functions of the first and third kind, respectively. In the case of complex roots, the characteristic m turns complex, in which case the elliptic Π function satisfies the complex-conjugate symmetry Π(m * , n) = Π * (m, n). To the best of the author's knowledge and as of this writing, only Mathematica-but not Maple or Matlab-seems to provide the capability of complex characteristic. However, it is not difficult to implement effective numerical routines which allow for complex values of these parameters (one such routine is available in the electronic supplementary material).
(e) Vertical displacement owing to horizontal load
Because of the reciprocity principle, the vertical displacement elicited by a horizontal load is numerically equal to the horizontal (radial) displacement due to a vertical load, except for a sign change and also for the fact that it varies with the cosine of the azimuth u zx (r, θ , τ ) = −u rz (r, τ ) cos θ.
Displacements at depth along the epicentral axis
At r = 0 and a depth d = |z|, the displacements at dimensionless time τ = tC S /|z| are 
Although simple in appearance, at large times τ 1 the above representation suffers from severe cancellations. The reason is that although the sum of the two functions tends to a constant (static) value, individually each function grows without bound with time. This problem can be avoided by means of the following fully equivalent formulae for τ > 1:
) and
3b) where
and the coefficients of the two summations (obtained with Matlab's symbolic tool) are
At large times, the above converge to 
which are the correct limits predicted by the Cerruti and Boussinesq [6, 7] theories for static tangential and vertical loads applied onto the surface of a half-space.
Discontinuities and singularities
(a) Arrival of P wave, τ = a
At the arrival of the P wave, all response functions at the surface are continuous, even if their slopes are not. Still, all temporal derivatives are zero at τ = a − while shortly thereafter at τ = a + , they are well defined.
On the other hand, of the two response functions at depth on the epicentral axis, the response due to a vertical load exhibits a jump of magnitude
which is properly accounted to by the Heaviside term H(τ − a) in equation (5.1b), so the singularity in the temporal derivative will arise naturally from the differentiation of that step function.
(b) Arrival of S wave, τ = 1
All but one of the response functions-but not their slopes-are continuous at the surface. The notable exception is the tangential displacement owing to a horizontal load (equation (4.3) ), which is discontinuous at that location. Analysing equation (4.3) with Matlab's symbolic tool, this discontinuity can be shown to be given by
Observe the remarkable fact that the jump is ultimately independent of Poisson's ratio, even though the function itself depends on that ratio at all other times. This shows that the discontinuity is caused by the arrival of an SH wave. Furthermore, the jump implies that the temporal derivative (i.e. with respect to τ ) will exhibit a singularity
3) which must be accounted for when the temporal derivatives are obtained by direct differentiation at τ = 1 − and τ = 1 + , i.e. in the case of the dipoles considered later on. At points below the surface along the epicentral axis, the horizontal displacement is discontinuous, and the jump is 4) but again this discontinuity is properly accounted for by the Heaviside term H(τ − 1) which will contribute properly to the singularity of the slope at this point in time. 
(c) Arrival of R wave, τ = γ
The functions in u zz and u rx (equations (4.1) and (4.2)) exhibit an integrable, negative-valued singularity in the neighbourhood τ = γ − . Immediately thereafter, following the passage of the Rayleigh wave, these response functions jump to their final, positive, static values at τ = γ + , i.e.
Thus, when differentiated with respect to time, these jumps will add a positive singularity immediately following the negative singularity, i.e.
respectively. These must be accounted for when computing velocities, dipoles, or the response function owing to impulsive loads. On the other hand, the displacement functions u rz and u zx also exhibit an integrable singularity at τ = γ + -because of the term in D in equation (4.4)-but are otherwise continuous.
Transformation into cartesian coordinates
The displacement functions in all of the formulae in equations (4.1)-(4.4) can be cast in terms of cylindrical amplitudesũ r ,ũ θ ,ũ z by writing the response functions in the form u r =ũ r (cos θ ), u θ =ũ θ (− sin θ ) u z =ũ z (cos θ ), (7.1) where = 0 for the vertical load, and = 1 for the horizontal load. These amplitudes are closely related to the integrals I 1 , . . . , I 4 in Richards [8] . The Cartesian components of the displacement vector are then given by u x =ũ r cos θ cos θ +ũ θ sin θ sin θ, (7.2a) u y =ũ r cos θ sin θ −ũ θ sin θ cos θ (7.2b) and u z =ũ z cos θ . (7.2c)
Lamb dipoles
Of the nine possible point dipoles which may act within a continuous space, the explicit formulae for Lamb's problem allow obtaining a subset of these, namely the solutions for the six dipoles acting at the surface of the half-space which do not depend on derivatives of the displacement functions with respect to the vertical direction, see figure 2. When expressed in cylindrical coordinates, these six dipoles can be written as follows. Let u, v and w be a shorthand for the response functions owing to a horizontal load (i.e. u ≡ũ 1r , v ≡ũ 1θ and w ≡ũ 1z in equation (7.1)) and U and W are the response functions owing to a vertical load (i.e. U ≡ũ 0r , W ≡ũ 0z ). Then [9] : wherer,t,k are unit vectors in the radial, tangential and vertical directions, respectively. The G xx and G yy are the response functions for cracks while the other functions are for single couples, with the first index identifying the direction of the forces in the couple and the second index the direction of the moment arm, see figure 2 . From the above, we can readily infer also the expressions for a double couple lying in the horizontal plane on the surface (seismic moment) as well as for a torsional moment with vertical axis, namely
All of the above solutions for dipoles involve derivatives with respect to the range r, and all of Lamb's formulae contain terms of the form
which implies
This leads to the following derivatives of interest: Figure 2 . The nine dipoles. Of these, only the six in the left and centre columns can be evaluated with Lamb's formulae.
These derivatives are valid whether the roots κ j are either real or complex.
On the other hand, in §6, we made reference to three discontinuities in the (dimensionless) time domain τ (equations (6.3) and (6.5)), which in the current notation are
,
, Since the partial derivatives in the dipoles are with respect to r and not τ , then the above discontinuities lead to the singularities
Taking these singularities into account, then the terms of interest which appear in the various dipoles are as follows:
, a < τ < 1,
We omitted the last derivative in equation (8.8e) above because it is rather cumbersome, inasmuch as it involves derivatives of the elliptical functions in which τ appears as argument in the modulus n and n −1 , see equations (4.4 and 4.5). Nonetheless, these too could be written down in terms of explicit formulae without much problem, a task that is left to the readers to carry out. To illustrate matters, consider the case of a torsional dipole. From equations (8.3), (8.8a) and (8.8c), we readily obtain Thereafter, figure 7 shows the displacements along the vertical axis below the load. All of these agree perfectly with the known results. Observe that the plots for the response functions due to a horizontal load do not include the implicit factors (cos θ) and (− sin θ) factors, which must be added to obtain the actual variation with the azimuth. Interested readers can download the electronic supplementary material to this article containing the detailed mathematical proof of the formulae presented herein, and also a brief Matlab program which evaluates all of the components and for any Poisson's ratio.
Whither Q 1 ?
Cognoscenti will surely have noticed that the response functions given herein are free from cumbersome terms involving the complex poles Q 1 and Q 2 which arise in contour integrals on the unit circle when the roots are complex [4, 9] . Such integrals have the form
where C is complex and D is real and non-negative. The Q 1 and Q 2 terms on the right-hand side satisfy the equation
where the square root term √ Z(Z + 1) corresponds to Richards' CROOT variable as given by his equation (5.3) . It can be shown (see the electronic supplementary material) that Q 1 can be obtained explicitly from the equation
in which case It can also be shown that
Combination of both of the above yields finally 6) which has exactly the same form as the solution for purely real coefficients C, D. Observe that the final ratio on the right-hand side is free from any numerical tests, such as the requirement for the absolute value of some quantity, say |Q 1 | < 1, and indeed, these quantities need not be evaluated in the first place. Hence, exactly the same formulae apply to both real and complex roots. This is a significant improvement because it allows rendering all of the response functions in a much simpler, common form, and especially so concerning the variation with time. For example, compare below the classical treatment of complex roots on the left-hand side [4] versus the current form on the right-hand side:
Thus, only one set of functions is needed instead of two, and these are also readily amenable to further manipulations, such as taking derivatives to obtain explicit expressions for dipoles or for impulsive loads, as presented earlier. This is a significant advantage in our formulation which ultimately emanates from the lack of need to distinguish between real and complex roots.
Conclusions
This paper revisited Lamb's problem of a suddenly applied, horizontal and vertical point load applied at the surface of an elastic, homogeneous half-space of arbitrary Poisson's ratio. It presented a compact set of explicit space-time formulae for the following problems:
-All response functions for receivers placed at the surface of the half-space.
-All response functions for receivers placed at depth underneath the load, i.e. along the epicentral axis. -Out of nine possible dipoles, explicit formulae are also given for the six dipoles which correspond to horizontal cracks and horizontally polarized single couples. We also demonstrated that the integrals associated with complex roots of the Rayleigh function attain exactly the same form as those for the real roots. This allowed us to provide a unique set of formulae that is valid for any arbitrary Poisson's ratio, which simplified in turn the task of taking spatial and temporal derivatives needed for dipoles. We wish to thank Dr Paul G. Richards for openly reviewing an initial version of this paper and bringing to our attention his own, much earlier contribution to the subject matter. A careful crosscheck ultimately demonstrated a complete agreement between our formulae for displacements, except for trivial changes in signs due to the different coordinate conventions employed by each of us. Readers should also be alerted to the fact that Richards' formula for a vertical load (his I 3 ) differs substantially from our equation (4.1) as well as from the classical formulae found in either Mooney [4] or Eringen & Suhubi [10] , which at first seemed to suggest to us that it might be incorrect. However, after carrying out some additional mathematical transformations with the aid of the Rayleigh function, we succeeded in demonstrating that our formulae were fully equivalent and thus constitute nothing but alternative mathematical realizations of one and the same response function.
